Long range electrostatic, induction and dispersion coefficients including terms of order R −8 have been calculated by the sum over states method using time dependent density functional theory. We also computed electrostatic moments and static polarizabilities of the individual diatoms up to the octopole order using coupled cluster and density functional theory. The laboratory-frame transformed electrostatic moments and van der Waals coefficients corresponding to the alignment of the diatomic molecules were found. We use this transformation to obtain the coupling induced by an external DC electric field, and present values for all XY combinations of like polar alkali diatomic molecules with atoms from Li to Cs. Analytic solutions to the dressed-state laboratoryframe electrostatic moments and long range intermolecular potentials are also given for the DC low-field limit.
I. INTRODUCTION
Advances in the formation of ultracold absolute ground state polar alkali diatoms [1, 2] open up avenues into many branches of the physical sciences. For chemical physics, applications of polar diatoms range from precision spectroscopy [3, 4] , to the study [5] [6] [7] [8] and control [9] of cold chemical reactions. Other areas of physics benefit from the use of polar molecules, such as condensed matter physics [10] , with the search for novel quantum gases [11] and phases [12] . Furthermore, dipolar gases have been the subject of much interest from the quantum information community [13] [14] [15] , and ideas of atom optics (e.g. using evanecent wave mirrors [16] ) have been generalized to polar molecules [17, 18] . The recent achievements in molecular alignment and control [19, 20] may also allow to take advantage of the unique properties and possible control provided by ultracold polar molecules. In addition, there is growing interest in reactions of alkali diatoms to form tetramer structures [21] [22] [23] with reasonable dipole moments and rich molecular structures, which could offer good candidates for quantum computing with dipoles [24] . In each of these applications it is crucial to accurately describe the inter-molecular interactions, themselves dominated by their long range behavior [25] at the low temperatures found in these systems. Because of the weakness of the long range intermolecular forces as compared to the chemical bond, and the range of nuclear coordinates and phase space involved, it is advantageous to consider alternative methods of modeling the intermolecular potential other than ab initio quantum chemical calculations.
A standard approach to describing the long range interaction potential between two molecules, in the limit that the wavefunction overlap between the molecules is negligible, is to expand the interaction energy into three distinct components,
Here E el , E ind and E disp are the permanent electrostatic, induction (permanent-induced electrostatic) and dispersion energies. Each of these terms can be perturbatively expanded in an asymptotic van der Waals series,
The coefficients C n are in general angular dependent, and can be computed in several ways. In this work we expand the intermolecular electronic interaction operator in a multipole expansion [26] , and then use first-and secondorder perturbation theory to calculate the van der Waals coefficients. Several papers have discussed the isotropic R −6 interactions of homonuclear alkali diatoms using both the London approximation [27] and time dependent density functional theory (TD-DFT) [28, 29] . The isotropic and anisotropic contributions have been inves- Classically, the molecule precesses on a cone of angle θ about the electric field F, with cos θ describing the average orientation of the molecule: its dipole moment D points towards F for cos θ > 0, and in the opposite direction for cos θ > 0. The alignment, cos 2 θ , describes the tightness of the rotational cone. (b) Lab-fixed frame molecular interaction geometry in the presence of an external field, where θF is the angle between the field and the vector R joining the two molecules.
tigated using configuration interaction [30] and TD-DFT [31] to compute van der Waals coefficients through R −8 . However, systematic research on the heteronuclear alkali diatoms is limited to the R −6 isotropic van der Waals coefficients for the LiX (X=Na,K,Rb,Cs) species [8] . To date, the only heteronuclear anisotropic van der Waals coefficients available in the literature are for KRb and RbCs [32] and limited to R −6 dispersion forces. In this paper we present a systematic study of the isotropic and anisotropic van der Waals interactions through order R −8 of the heteronuclear alkali rigid-rotor diatoms in their absolute ground state as a continuation of our work on the homonuclear species [31] . Also included is the transformation of the long range interaction potential from the molecule-fixed (MF) frame to the laboratory-fixed (LF) frame for use in molecular alignment computations. After a brief description of dressed state diatomic molecules in Sec. II, we review the sum over states method of calculating van der Waals coefficients in Sec. III. In Sec. IV the transformation to, and matrix elements of, the lab-fixed frame van der Waals interaction potential are described. Analytic expressions of the low-field field coupled electrostatic moments and van der Waals coefficients are also provided. The ab initio methodology is outlined in Sec. V and we conclude in Sec. VI with a discussion of our numerical results.
II. DRESSED STATE DIATOMIC MOLECULES
The orientation and alignment ( cos θ and cos 2 θ [37] respectively as illustrated in Fig. 1(a) ) of polar molecules can be achieved through several mechanisms, the most direct of which is the coupling of rotational states by a polarizing external DC electric field, F. Increasing the strength, F , of the external electric field increases the number of rotational states coupled, thus tightening the orientation of the molecule in a cone of angle θ about the orientation of the field. To account for this rotational coupling adiabatically, we expand the dressed state rotational wave function of the molecule as a superposition of field-free symmetric top states
H is the symmetric top and dipole-field Hamiltonian
where J is the angular momentum operator, J z is the angular momentum projection on the z axis, B is the molecular rotational constant, D is the dipole moment of the molecule, and θ is the angle between the external electric field of magnitude F and the molecular axis. The coefficients a J M (F ) then depend on the strength F of , up to order n = 8 of all the ground state alkali diatoms through cesium evaluated at the equilibrium bond lengths re listed in (α + 2α ⊥ ) is the average static dipole polarizability. c Ref. [33] . d Ref. [8] . e Ref. [8] evaluated using CCSD and the Tang-Slater-Kirkwood formula [36] . f Ref. [27] . g Ref. [27] evaluated using the London formula. the field. While theoretically simple, this process can become experimentally challenging for molecules with small dipole moments or rotational constants due to the large external fields required for strong alignment.
An alternative to simply increasing the static field magnitude is to add a separate polarizing laser field [39] that directly couples the rotational states of the molecule. However, to achieve both alignment and orientation control, time-dependent nonadiabatic effects are introduced into the dressed state wavefunction [20] . For the purposes of this work the investigation and inclusion of these nonadiabatic effects are unimportant as only the final dressed state is of interest. As such we present our alignment in terms of an applied external static field and, where practical, the number of strongly coupled rotational states.
III. ANISOTROPIC LONG RANGE INTERACTIONS
Given a linear molecule in the Born-Oppenheimer approximation (no nuclear motion), at any given configuration the orientation of each molecule can be described by the vectorr i = (θ i , φ i ) with the relative position between the molecular center of mass defined as R = (R, θ, φ).
Here θ i is the projection angle ofr i on R, φ i is the projection angle ofr i on the x axis and (R, θ, φ) are the spherical vector components of R. Due to the rotational invariance of the interaction energy between two molecules, it can be separated into a series of radial and angular basis functions
Here E L1L2L (R) are purely radial functions for a rigidrotor and A L1L2L (r 1 ,r 2 ,R) is an angular basis which, when R is oriented along the z axis, can be expressed as
is an associated Legendre polynomial. The radial functions E L1L2L (R) can be evaluated using firstand second-order perturbation theory by expanding in terms of the electronic multipole operators Q ℓm = i z i r ℓ i C ℓm (r i ), where the sum is over all charges, z i is the charge at each i'th center, r ℓ i is the distance from each i'th charge to the center of mass and C ℓm (r i ) is a Racah spherical harmonic [38] .
Following the standard approach [26, 31, 41] , the first-and second-order interaction energy for two linear molecules can be expressed as
is the first-order electrostatic contribution, where |0 i is the electronic ground state of molecule i. In Eq.(9),
contains the second-order contributions from dispersion,
and induction,
The scalar coupling coefficient ζ
L1L2M is given [40] as
the symbol between curly brackets being a Wigner 9-j symbol [38] , and T 0iki ℓiℓ ′ i Li is the coupled monomer multipole transition moment defined as
where the indices k i go over ground and excited states of the i'th molecules electronic wavefunction |k i [42] . It is convenient, when discussing molecular properties, to work with the uncoupled dynamic multipole polarizability:
The zero frequency limit of Eq. (16) represents the static multipole polarizability.
IV. DRESSED-STATE VAN DER WAALS INTERACTION A. General Expressions
To consider the interactions between rigid-rotor linear molecules dressed by an external electric field it is necessary to first transform the van der Waals interaction energy from the molecule-fixed frame (MF) to the lab-fixed frame (LF). The lab-fixed frame van der Waals interaction can be generally expressed by referring to Eq. (6) and removing the constraint on Eq.(7) which specified that R is aligned to the z-axis. The angular basis can then generally be expressed [41] as (17) where [38] . Because of the change in angular basis, it is necessary to recouple the radial W
functions. This can be done readily by integrating Eq.(9) over the angular phase space: (17) projected onto the molecule-fixed frame and is given by [43] 
. (19) where Θ lm (θ) are normalized associated Legendre polynomials. The resulting integrand has the solution
The adiabatic dressed state basis for two molecules at large separation is given in terms of the product of each molecule dressed rotational wave functions
The dressed state (DS) van der Waals interaction E 
where
is the coupled rotational state density of molecule i and Y Lm (r) is a spherical harmonic [38] . In addition to the transformation of the van der Waals interaction energy as given by Eq. (22), it is useful to have the dressed static moment, Q DS ℓ0 , of a given molecule. For molecule i, this
FIG. 2. Comparison between the TD-DFT van der Waals
surface, evaluated at both collinear (θ = 0) and aligned (θ = π/2) geometries, and both the electrostatic + isotropic C6 and a fully ab initio curve for LiNa+LiNa.
is readily obtained to be
B. Low-Field Solution
In the low-field limit, coupling between rotational states can be limited to just two states, allowing Eq. (5) to be solved analytically (note that Ω ≡ 0 and M = 0, as discussed below in Sec. VI). ¿From this it is possible to obtain general expressions for the expectation value of the static and alignment moments as a function of the applied field. Transforming to the unitless field parameter ξ = ξ 0 F , with ξ 0 = D/2B, the low-field limit is defined by ξ ≤ 1. With this approximation, the dressed state dipole and quadrupole moments can be shown to be
and
respectively, while the octupole moment has no two state contribution by symmetry. The orientation moment cos θ is given trivially by
while alignment cos 2 θ can be calculated by noting that cos 2 θ = 1 3 (1+2C 1,0 (θ)) (where C ℓ,m (r i ) is a Racah spherical harmonic), providing the expression
So long as the number of coupled states is dominated by the first two states and ξ ≤ 1, these approximate formula are accurate to a few percent. In Table V we have evaluated ξ 0 for all the heteronuclear alkali diatoms from the spectroscopic data in Table I . It is also possible to evaluate Eqs. (22) and (23) using the two state lowfield approximation. Following the prescribed method discussed above, the low field-dressed-state van der Waals potential can be written to leading order as
Here θ F is the angle between the inter-molecular vector R and the field vector as illustrated in Fig. 1(b) . The dipole-dipole and quadrupole-quadrupole contributions are (up to order ξ 5 )
respectively (note that there is no dipole-octupole contribution in the two state approximation) while W (2) n000 is the isotropic dispersion+induction coefficient (see Tables  III and IV) . The anisotropic terms contribute less than a percent to the interaction energy and can be safely neglected.
V. ELECTRONIC STRUCTURE CALCULATIONS
The ab initio calculation of van der Waals coefficients, and more generally multipole polarizabilities, requires special care in both the basis set and level of theory used [44] [45] [46] . Electrostatic moments similarly require careful consideration of the theoretical method, though the basis set dependence is less severe [47] . For all calculations in this work we use the Karlsruhe def2-QZVPP [48] basis set augmented with two additional even tempered diffuse spdf functions designed to accurately describe higher order static polarizabilities [31] . The Karlshruhe def2 basis sets are available for nearly the entire Periodic Table, and are known for both their robustness and good costto-performance ratio in large molecular Hartree-Fock and density functional theory calculations. As such they remain attractive for use in calculations that involve many different atoms across the period table.
As has been demonstrated previously, the use of time dependent density functional theory [49, 50] is a cost effective and accurate way to calculate multipole transition moments and excitation energies for diatomic molecules. We chose to limit our calculations in this work to only include the PBE0 functional for simplicity, however for various cases it was observed that the B3PW91 functional also provides consistent results. The electrostatic moments were calculated using coupled cluster theory including all singles, doubles and perturbative triples (CCSD(T)) [51] using a two step finite field method (with field spacings of 10 −6 a.u.). Core-valence and core-core correlation energy was accounted for by including the inner valence s and p electrons in the CCSD(T) calculations, while for the TD-DFT computations all electrons not replaced by an ECP are implicitly correlated. All TD-DFT calculations were done using a locally modified version of the GAMESS [52, 53] suite of programs; the CCSD(T) finite field calculations were done using the MOLPRO [54] quantum chemistry program package. For further details on the methodology used in evaluating the transition dipole moments and excitation energy we refer to our previous paper on homonuclear alkali diatomic molecules [31] .
VI. COMPUTATIONAL RESULTS AND DISCUSSION
The leading order term of the long range expansion Eq. (9), and thus the longest ranged interaction in the series, involve products of the electrostatic moments of each monomer, and for dipolar molecules, it is the dipoledipole R −3 term. The dipole-dipole scattering [55] and applications of dipole-dipole interactions [14] are well studied in the literature, however higher order terms can be necessary for accurately describing intermediate inter-
FIG. 4. DC field coupled van der Waals curves (Eq. (22)) of
40 K 87 Rb for both low and high fields as well as the approximate two-state van der Waals curve (Eq. (29)). Here F ∼ 20 kV/cm is the intermediate field strength where more than two rotational states begin to strongly couple. molecular distances [31] and are often neglected if only for a lack of available data. Inclusion of just the quadrupolequadrupole interaction to a dipole-dipole model can introduce significant changes in the form of potential energy barriers for collinear geometries (θ 1 = θ 2 = φ = 0) at long range [56] . It is possible to estimate whether the inclusion of higher order electrostatic terms could lead to a barrier by introducing the outer zero energy turning point, R q , which occurs when the R −5 repulsion overcomes the attractive R −3 dipole-dipole force. Keeping only the two leading terms in Eq. (9) and setting
we obtain
When this outer turning point is sufficiently long range (R q 20 a.u.) the introduction of these higher order terms can be important and lead to long range barriers [56] , and thus should be examined in further detail. As such, we have calculated the ab initio electrostatic dipole, quadrupole and octupole moments (higher order moments do not contribute up to R −5 in the long range expansion: see Sec. V for details on the methodology used). In Table I we present our calculated static moments, the outer turning point R q for each system, as well as various dipole and quadrupole moments found in the literature. Our computed static dipole moments agree closely with both the valence full configuration interaction results of Aymar et al. [34] across all the molecules investigated, and the CCSDT (CCSD with all triples) results of Quéméner et al. [8] for the highly polar LiX (X=Na,K,Rb,Cs) species. Other than the CCSD(T) quadrupole moment of Zemke et al. [27] (with which we compare well), little to no published quadrupole values exist for the heteronuclear alkali diatoms. It has been demonstrated for the homonuclear alkali diatoms that the finite field CCSD(T) higher order static moments compare well with other methods [31, 47] ; similar accuracy is anticipated for the heteronuclear species.
Dispersion and induction contributions to the van der Waals series are proportional to products of the dipole, quadrupole and octupole polarizabilities. As such we have calculated and presented in Table II the dipole and quadrupole static polarizabilities with comparisons to some of the existing literature (octupole static polarizabilities are not listed, but are available upon request). As discussed previously [31] , the n-aug-def2-QZVPP basis sets are well converged for computation of static polar-izabilities of homonuclear alkali diatoms up to octupole order, and we find the same is true for the heteronuclear species. Density functional methods are known to provide average static polarizabilities to within five to ten percent of experimental or highly correlated results [57, 58] . Furthermore some variance is expected in the parallel (α 110 ) polarizability as all computations are done at the experimental (or theoretical where necessary) equilibrium bond length, and it is well known that the polarizability is sensitive to the internuclear separation in the alkali diatoms [33] . It is expected that the perpendicular polarizability (α 111 ) should agree much more closely with other methods, which we find to be the case as illustrated in Table II .
Van der Waals dispersion and induction coefficients of the heteronuclear alkali diatoms are sparsely given in the literature. Currently only a few values exist and are restricted to isotropic contributions (corresponding to W 2,DIS 6000 ). The only systematically calculations are for the LiX species [8] . In Table II we note the reasonable agreement between our reported TD-DFT isotropic C 6 = W 2,DIS 6000 dispersion coefficients and the Tang-SlaterKirkwood [36] values from Quéméner et al. [8] for the LiX species. Additionally Kotochigova [32] has calculated, using multi-reference configuration interaction theory, the isotropic and anisotropic dispersion coefficients of order R −6 for both KRb and RbCs. However, these values contain non-Born-Oppenheimer contributions and so are not directly comparable to our numbers; because of this we have not included these values in Table II. To determine the accuracy of the van der Waals coefficients calculated here, we have computed ab initio curves for LiNa+LiNa at two different geometries using the CCSD(T)-F12a/QZVPP (explicitly correlated CCSD(T)) level of theory [59, 60] . These ab initio curves are plotted in Fig. 2 along with the electrostatic plus isotropic dispersion approximation and the the van der Waals curves of this work including all anisotropic terms through R −8 . As can be seen, the TD-DFT van der Waals curves agree to a few cm −1 with the ab initio results [61] , while the isotropic curves fail completely in the intermediate-range (it should be noted that for the collinear case of LiNa+LiNa the isotropic curves do not turn over at all and predict an infinite repulsive wall). In Tables III and IV nL1L2M coefficients for all of the heteronuclear alkali diatoms, including all terms up through order R −8 . In evaluating the field coupling and alignment of the various alkali diatomic molecules, the rotational wavefunction expansion is greatly simplified by making use of the initial premise that the molecules are in the rovibrational ground state. As such Ω ≡ 0 and M = 0 (the use of a DC external field will not mix different M values), reducing both Eqs. (22) and (24) significantly. In Fig. 3 we have plotted the DC field dressed electrostatic moments as a function of the external field strength. While the very high field strengths in Fig. 3 are generally experimentally challenging, it is illustrative to show how difficult it is to obtain both strong orientation ( cos θ > 0.85) and alignment ( cos 2 θ > 0.85) in molecules with small rotational constants, regardless of the strength of the dipole moment. It is also instructive to examine the low-field strengths of Fig. 3 , where the linear trend of each curve on the log-log scale shows the general scaling of the static moments as a function of the external field as discussed in Sec. IV B. In Fig.4 we have evaluated Eq. (22) for KRb (KRb is chosen for its medium strength dipole moment and large rotational constant) at various DC field strengths. The difference between the low and high field strengths is easily identified by the change in behavior from most similar to the field free case (e.g. isotropic contributions dominate the interaction potential) to the regime where the dressed state van der Waals interaction energy more closely resembles the molecule-fixed frame van der Waals potential (e.g. when electrostatic contributions become key). This high field strength regime is more quantitatively defined when both cos θ and cos 2 θ is greater than 0.9 (which corresponds to roughly 7 strongly coupled rotational states). Also in Fig.4 the approximate two-state model of Eq.(29) can be seen to agree very well with the fully coupled equations in the low-field limit. Fully field-coupled potentials for the other heteronuclear molecules listed in this work have been calculated, and are available upon request.
VII. CONCLUSIONS
This work completes our systematic TD-DFT computation of the alkali diatomic species by computing accurate multipole electrostatic moments and anisotropic van der Waals coefficients for the heteronuclear alkali diatomic species. The multipole electrostatic moments were computed using a finite field treatment of the CCSD(T) molecular energy employing the augmented Karlsruhe def2-QZVPP basis set and found to produce excellent agreement with the existing literature. Excitation energies and multipole transition moments were calculated using TD-DFT and the same augmented QZVPP basis set. Static polarizabilities as well as van der Waals induction and dispersion coefficients were evaluated using the sum over states approach and found to be consistent with the existing literature. Using the simple form of Eq. (9) and the values from Tables III and IV, it is possible to completely characterize the long range interaction between two heteronuclear alkali diatoms up through order R −8 . A sample FORTRAN program for evaluating Eq. (9) is included in the supplemental material of Ref. [31] or upon request to the authors.
The transformation of the van der Waals series for linear molecules from the molecule-fixed frame to the labfixed frame was described. This was followed with the computation of the dressed state electrostatic moments as a function of an external DC electric field. It was noted that in the low field limit, the coupling of the molecule to the external field can be approximated by only considering two rotational states. With this in mind, the orientation and alignment of the molecule as a function of the applied field can be approximated using only molecular spectroscopic constants by Eqs. (25)- (28), which are valid for field values F ≤ 2B/D. We have also illustrated the effects of an external DC electric field on the intermolecular potential by evaluating Eq. (22) for 40 K 87 Rb at a variety of field strengths. It can be seen then that introducing rotational state coupling leads to a richer interaction phase space beyond the usual isotropic approximations. Finally a two-state approximation of the dressed-state long range potential (see Eq. (22) 
